The discrete time risk model with two seasons and dependent claims is considered. An algorithm is created for computing the values of the ultimate ruin probability. Theoretical results are illustrated with numerical examples.
Introduction
In this paper, we consider the bi-seasonal discrete time risk model with dependent claims.
We say that the insurer's surplus W u varies according to the bi-seasonal risk model with dependent claims if
for all n ∈ N 0 = {0, 1, 2, . . .} and the following assumptions hold:
• the initial insurer's surplus is u ∈ N 0 ,
• there exists a random vector (X, Y ) such that (Z 2k−1 , Z 2k )
• the random vectors (Z 2k−1 , Z 2k ), k ∈ N, are independent,
• the generating random vector (X, Y ) has the distribution defined by the table below, where h i,j = P (X = i, Y = j), i, j ∈ N 0 : If X and Y are independent random variables, then the model reduces to the one considered in [8] . If, in addition, X and Y are identically distributed, then the bi-seasonal discrete time risk model with dependent claims becomes the classical discrete time risk model.
The time of ruin and the ruin probability are the main extremal characteristics of insurance risk models. The time of ruin is defined by the equality T u = min{n 1 : W u (n) 0}, ∞, if W u (n) > 0 for all n ∈ N.
The ultimate ruin probability, or simply ruin probability, is defined by the following equality:
In the case of the classical discrete time risk model, recursive procedures for calculating exact values of ψ(u) are well known. These procedures and related information can be found in [9-14, 19, 26, 27] among others.
The recursive calculation of ψ(u) is relatively simple in the classical discrete time risk model because of the explicit formula for ψ(0). If the consecutive claim amounts Z 1 , Z 2 , . . . are no longer identically distributed or independent, then the classical discrete time risk model becomes the inhomogeneous discrete time risk model. For all such models, the algorithms for finding values of the ruin probabilities are much more complicated. Several results related to the calculation of the ruin probabilities for inhomogeneous renewal risk models can be found in [1-8, 15-17, 23-25] and [28] .
The aim of this paper is to derive an algorithm for computing the values of the ultimate ruin probability in the bi-seasonal discrete time risk model with dependent claims. Theoretical results are illustrated with numerical examples.
The rest of the paper is organized as follows. In Section 2, we present our main results. In Sections 3 and 4, the proofs of the main results are given. Finally, in Section 5 we present some examples, which show the applicability of our results.
Main results
Let us introduce some notation used in our results. By
we denote the marginal distributions of the random variables X, Y and their sum S = X + Y , respectively. The distribution functions of these random variables are denoted by F X , F Y and F S , i.e.
The notation F is used for the tail of an arbitrary distribution function F , i.e.
Furthermore, the survival probability is denoted by ϕ(u) = 1 − ψ(u) for all u ∈ N 0 . It should be noted that our main results are formulated in terms of the survival probability. (1)
• If s 0 = h 0,0 > 0, then
where a n and b n are two sequences of real numbers defined recursively by the equalities:
• If s 0 = 0 with x 0 = 0 and y 0 = 0, then
• If s 0 = 0 with x 0 = 0 and y 0 = 0, then 
If EX + EY = 2, then we have the following possible subcases:
Proof of Theorem 2.1
The proof is greatly influenced by the proofs given in [8] . Therefore, many details that can be found there are omitted.
At the beginning of the proof consider the general case with ES 0. By the total probability formula, we get the following basic recursive formula for all u ∈ N 0 :
The obtained equality implies that
By rearranging the terms we obtain
Passing to the limit as u → ∞ in the last equality and applying arguments similar to those in [8] we get
Now let us restrict to the case ES < 2. Equality (1) is proved using the strong law of large numbers, and the proof is identical to the proof of the first part of Theorem 2.3 in [8] . As a result we get
Suppose now that s 0 = h 0,0 = 0. Then (3) can be derived by induction with induction basis obtained from (6) . Equality (2) can be derived in a way similar to that in [8] with only the difference that the coefficients a n used in the proof are different.
It remains to consider the case where s 0 = h 0,0 = 0. Since ES < 2, it follows that s 1 = 0. Two subcases can be considered separately: x 0 = 0 and y 0 = 0, or x 0 = 0 and y 0 = 0.
In the subcase where x 0 = 0 and y 0 = 0, we get the formula for ϕ(0) from (6). The formula for ϕ(u), u ∈ N, follows from (4) because
in the considered case.
If x 0 = 0 and y 0 = 0, then we get ϕ(0) = 0 from (4). Then the formula for ϕ(1) follows from (6) , and the formula for ϕ(u) in the case u ∈ {2, 3, . . .} can be derived from (4). Theorem 2.1 is proved.
Proof of Theorem 2.2
Let us consider the cases ES > 2 and ES = 2 separately. The case ES > 2 can be proved using the same arguments as in [8] .
In the case ES = 2, we can easily see from (5) that
Therefore, ϕ(0) = 0. To calculate ϕ(u), u ∈ N, the subcases s 2 < 1 and s 2 = 1 can be considered separately. Consider the subcase s 2 < 1 first. We can prove that ϕ(u) = 0, u ∈ N, in a way similar to that in [8] using the fact that ϕ(1)h l,0 = 0 for l ∈ N 0 , which follows immediately from equality (7) . Now let us consider the subcase s 2 = h 0,2 + h 1,1 + h 2,0 = 1. There are the following possible cases:
• If h 2,0 > 0, then from the main recursive formula (4) we get ϕ(1) = 0.
• If h 2,0 = 0, then obviously W 1 (n) 1, n ∈ N, and therefore, ϕ(1) = 1.
For u ∈ {2, 3, . . .}, it is easy to show that W u (n) 1 for n ∈ N, and therefore, ϕ(u) = 1 for such u.
Theorem 2.2 is proved.
Numerical examples
In this section, four numerical examples for the calculation of the ruin probability ψ(u), u ∈ N 0 , are given. The first case deals with the bivariate Poisson distribution, and the next three cases deal with a Clayton copula. The use of copulas is beneficial since it gives the possibility of modeling marginal distributions and dependence between them separately. Furthermore, while the bivariate Poisson distribution allows to model only positive dependence between marginals, a Clayton copula enables to model negative dependence as well. The numerical simulation procedure goes as follows. First, we can calculate sufficiently many terms of the sequences a u and b u from Theorem 2.1. Next, we can approximate ψ(0) by
with large enough N ∈ N. In all the examples below, we take N = 20. Using the same arguments as in Remark 2.1 of [8] we can obtain both lower and upper bounds for ψ(0) by calculating ψ N (0) and ψ N +1 (0). Then the upper bound for the approximation error of ψ(0) can be calculated by
Finally, we can obtain approximations of the ruin probabilities using formula (3) from Theorem 2.1
Example 5.1. Assume that the joint probability mass function of (X, Y ) is given by the bivariate Poisson distribution:
where λ j > 0, j = 1, 2, 0 λ < min{λ 1 , λ 2 }. Then the marginal distribution of X is Poisson with parameter λ 1 , the marginal distribution of Y is Poisson with parameter λ 2 , and Cov(X, Y ) = λ. If λ = 0, then the two variables are independent, and the results in this case are obtained in [8] .
In this example, we take λ 1 = 0.3 and λ 2 = 1.4. We consider three possible values for the covariance parameter λ = {0.01; 0.15; 0.29}, and the corresponding correlations equal {0; 0.23; 0.46}.
In the table and graph below, the results of simulation are given. The ruin probability is calculated for the three values of the covariance parameter mentioned above, and the upper bounds for the approximation errors of ψ(0) are also given.
From the results of simulation it could be observed, that for positively dependent claims the ruin probability is decreasing more slowly. It is also interesting to note that the value of ψ(0) is largest in the case of independent claims. 
Clayton copula is defined by
where the dependence parameter θ ∈ [−1, ∞)\{0}. The marginals become independent as θ → 0. Clayton copula can be used to model negative dependence when θ ∈ [−1, 0). Detailed analysis of this copula can be found, for instance, in [18, 20, 21] and [22] . In this example, the marginal distribution of X is Poisson with parameter 0.3, and the marginal distribution of Y is Poisson with parameter 1.4. We take three values for the covariance parameter θ = {−0.9; 0.01; 100}, and the corresponding correlations equal {−0.53; 0; 0.8}. From the results of simulation it could be observed, that as in Example 5.1 for positively dependent claims the ruin probability is decreasing more slowly. It is also interesting to note that the value of ψ(0) is largest in the case of negatively dependent claims. From the simulation we can observe that the order of appearance of claims has considerable effect on the ruin probability.
Example 5.4. All the examples considered so far deal only with light-tailed marginals, but Theorem 2.1 only imposes requirement for the expectations of the marginals while higher order moments can be infinite. In this example, the distribution of the 
where ζ denotes the Riemann zeta function. It should be noted that here Zeta distribution is not defined in the usual way, i.e. with support m ∈ {1, 2, . . .} and the corresponding probabilities.
The expectation of Y is 1.74497 and the variance is infinite. Therefore, the correlation between the claims is undefined. As before, we use the Clayton copula with θ = {−0.9; 0.01; 100} to model the dependence between the marginals.
As can be intuitively expected, the presence of heavy-tailed marginal has a major impact on the values of the ruin probability. 
Concluding remarks
In this work, the bi-seasonal discrete time risk model with dependent claims is introduced. We present a recursive algorithm for calculating the values of the ruin probability. Theoretical results are illustrated by some numerical examples. The results obtained in this paper can be extended in the following directions:
• Our results can be generalized to the models with more complex structure of the non-homogeneity of claims. For instance, the generating random vectors of the form (X 1 , X 2 , . . . , X p ) with p > 2 can be considered for claim sizes. In this case, we get a p-seasonal model.
• An algorithm for the calculation of more complex risk measures, such as the Gerber-Shiu expected discounted penalty function [14] , can be presented for the bi-seasonal discrete time risk model with dependent claims.
• The model and the algorithm considered in the paper can be illustrated with examples based on real insurance data.
